Introduction
Noncommutative geometry in string theory has been well studied from the novel work of Seiberg and Witten [1] . When D-branes are considered in the presence of a constant NS-NS two-form B, a low-energy effective theory on the world-volume is realized as a field theory on a noncommutative space. The constant two-form flux may be taken as a magnetic flux on the world-volume. D-branes with constant fluxes (i.e. gauge field condensates on the branes) are often referred to as noncommutative D-branes. Noncommutative D-branes in flat spacetime have been well studied (for example, see [2] [3] [4] ), but it seems not to be the case for those on curved backgrounds. Here we are interested in AdS-branes with gauge field condensates, which are interesting objects to study in the context of the AdS/CFT correspondence [5] .
An AdS-brane gives a defect in the field theory side, and another field theory [6] , which is called defect conformal field theory (dCFT), is realized on the defect [7] . When magnetic or electric flux is turned on through the AdS-brane worldvolume, the flux should deform the dCFT and it is interesting to study the resulting theory. For example, in the recent study of the AdS/CFT duality at a far-from BPS region, an integrable open spin chain appears in the analysis of the dCFT [8] 1 . When the flux is turned on, it may be interpreted as a boundary magnetic field of the open spin chain. For this purpose, as the first step, we will study noncommutative D-branes in the AdS 5 ×S 5 and pp-wave backgrounds 2 .
In a series of our previous works we showed the power of κ-invariance of type IIB superstrings in a covariant classification of possible D-branes in AdS 5 ×S 5 [12, 13] (For a short review see [14] ) and in the pp-wave [15] 3 . The κ-invariance of an open string requires that surface terms under the κ-variation should be deleted by imposing some additional conditions [22] , which lead to the classification of the possible D-branes. This procedure has some advantages in comparison to the brane probe analysis with DiracBorn-Infeld (DBI) action on the AdS and the pp-wave [18] . First, it is obvious that we do not need to analyze each of DBI actions of Dp-branes. All we have to consider is just a string action. Secondly, our procedure is covariant and does not depend on the light-cone gauge. Finally we can show that the classification is valid at "full order" of the fermionic variables [13] . This procedure is also applicable to Dirichlet branes for an 1 For other open spin chains, see [9] for D3-D7-O7 and [10] for a giant graviton. 2 Noncommutative D-branes in the pp-wave background are also discussed in [11] 3 For a classification of possible 1/2 BPS D-branes on a pp-wave with the light-cone gauge, see [16] [17] [18] [19] [20] [21] open supermembrane on the AdS 4/7 ×S 7/4 background [23, 24] and the pp-wave [25, 26] , and D-branes [27] of type IIA pp-wave string [28] . These results are consistently related via the double dimensional reduction [29] .
In this paper we explore noncommutative D-branes in the AdS 5 ×S 5 background by analyzing a covariant type IIB string action in the Green-Schwarz formulation [30] . We apply the procedure developed in our previous papers to the case with a constant twoform F composed of B and the field strength on the D-brane. The boundary conditions to ensure that surface terms under the κ-variation vanish are shown to lead to possible noncommutative D-branes. 4 As the result, we find 1/4 BPS noncommutative D-branes. BPS noncommutative D-branes in the pp-wave. Section 6 is devoted to a summary and discussions.
Open AdS superstring with a constant two-form
In this section we shall introduce the covariant action of the type IIB string on the AdS 5 ×S 5 background [30] , including a constant two-form. The action has the κ-symmetry which ensures the consistency of the theory. When we consider an open string rather than a closed string, the κ-variation of the action gives surface terms and so we need to impose some boundary conditions in order to preserve the κ-symmetry [22] . These conditions restrict possible configurations of D-branes in AdS 5 ×S 5 . We will derive the surface terms here, and the boundary conditions will be considered in section 3 and 4.
The action of AdS superstring
The action of type IIB superstring on a supergravity background is given by
where the Nambu-Goto (NG) part is
2)
and the Wess-Zumino (WZ) part consists of the two parts 6 : 6) where E = E| θ→tθ and σ = σ 3 for an F-string while σ = σ 1 for a D-string. We will focus upon the F-string case hereafter. The two-from field strength F is defined by F = B − da where a is a gauge field on the D-brane.
For the case of the AdS 5 ×S 5 we are interested in, the supervielbein is given by [12] 
where we have introduced the following quantities:
Here e and ω are the vielbein and the spin connection, respectively, on the AdS 5 ×S 5 background.
In the presence of a non-trivial constant F along the D-brane world-volume (i.e., FĀB = const. and others = 0), the boundary condition for Neumann directions is modified and becomes a mixed boundary condition. The resulting boundary condition is as follows:
where ∂ t and ∂ n are derivatives on ∂Σ tangential and normal to the D-brane worldvolume, respectively. In the limit for a magnetic flux, F → ∞, Neumann directions 
The κ-variation of the open string action
According to our procedure explained in the introduction, let us examine the surface terms under the κ-variation of the type IIB string action on AdS 5 ×S 5 up to fourth order in θ .
For the case with F = 0, the vanishing conditions on the surface terms were examined in [12] .
To extract the surface terms of the fourth order in θ from S
WZ , we need to know the expression of the κ-variation up to fourth order in θ. The κ-variation
= 0 in this background is given as [13] 
where
It is easy to derive
By using this expression, we obtain the κ-variation surface term of S
It is known that the κ-variation of the total action S gives surface terms only. In particular the NG part produces no surface term, and so the κ-variation surface terms emerge only from the WZ part.
The surface terms under the κ-variation of the WZ term are given by
with
terms and L 0 includes λ-independent terms. These surface terms should vanish under some conditions to ensure the κ-invariance. From the next section, we will examine the conditions under which the surface terms vanish.
Noncommutative D-branes in flat spacetime
In this section we will examine the vanishing condition of L 0 . This condition leads to the classification of the possible noncommutative D-branes in flat spacetime, since the AdS metric is reduced to the flat spacetime metric when we consider the λ = 0 case.
Noncommutative D-branes in the Green-Schwarz formulation have been already studied before [2] [3] [4] , but our analysis here is covariant and so more general.
First, let us examine the first line of L 0 , which is the second order in θ ,
where we have used the boundary condition (2.9). We should carefully consider the gluing conditions for the fermionic variable θ at boundaries in order to see that the surface terms vanish. For this purpose we define the following matrix,
and demand
Because θ 1 and θ 2 are Majorana-Weyl spinors, p must be odd, p = 1, 3, 5, · · · .
Let C be the charge conjugation matrix satisfying
then one finds the following relation,
IfB ∈ {ā 2ℓ−1 ,ā 2ℓ } , then we find that
where (ǫ ℓ )ā 2ℓ−1ā 2ℓ = ηā 2ℓā2ℓ , (ǫ ℓ )ā 2ℓā 2ℓ−1 = −ηā 2ℓ−1ā2ℓ−1 and others are zero. Hence the vanishing condition of the first line of L 0 is
For the case without an electric F , since
and s n = 1, (3.8) implies the following two equations:
] . These are solved by
where 0 ≤ ϕ n ≤ π/2 .
For the case with an electric F , say Fā 1ā2 and ηā 1ā1 = −ηā 2ā2 = −1 , since
13)
14)
]. These are solved by
where 0 ≤ ϕ 1 ≤ ∞ and 0 ≤ ϕ n ≤ π/2 (n ≥ 2) .
In both cases, M is written as
It is clear from this expression that a noncommutative Dp-brane is reduced to a commutative Dp-brane for ∀ϕ n → 0 . On the other hand, it is reduced to a noncommutative 7 For the case with an electric Fā 1ā2 , we have used cosh
, we believe that the gluing matrix in the earlier literature is valid only for an electric F .
, while remains to be a noncommutative Dp-brane for an electric Fā 1ā2 → 1 (ϕ 1 → ∞) .
It is convenient to rewrite the boundary condition θ 2 = Mθ 1 in the 2 × 2 matrix form as follows:
Here the matrix M is defined as
and then the matrix ρ is represented by 2 × 2 Pauli matrices, according to the value of p ,
The range of the parameter ϕ n depends on the type of the flux, namely magnetic or electric. For the magnetic flux case ϕ n takes the value in the range of 0 ≤ ϕ n ≤ π/2 and for the electric flux case it takes in 0 ≤ ϕ n ≤ ∞ . As we have just seen above, the gluing matrix M satisfies 23) or equivalently
where M ′ is defined as
It is obvious from (3.24) that the first line of L 0 vanishes.
Then, by using (3.23), the second line of L 0 , the fourth order term in θ vanishes as follows:
where we have usedθ In summary we have discussed boundary conditions and constructed the gluing matrix.
As the result we have found the well-known result that noncommutative Dp-branes with p = odd in flat spacetime. By taking a strong flux limit F → ∞ for a magnetic case, Dp-branes are reduced to D(p − 2)-branes. The commutative limit F → 0 leads to the standard commutative D-branes. The sequence of them via the two limits is depicted in Table 1 . All of these D-branes are 1/2 BPS. In the case of flat spacetime higher order terms than the fourth order in θ do not appear and so our result is rigorous with respect to θ .
Noncommutative D-branes in AdS 5 ×S

5
In this section, we examine λ-dependent terms L λ and ω-dependent terms L spin . These terms include the parameter λ , which characterizes the AdS geometry. Hence the analysis here is intrinsic to the AdS case and the boundary conditions lead to a classification of possible noncommutative AdS-branes.
It is straightforward to see that by using (3.23), L λ is rewritten as
The first and the second lines in (4.1) vanish when 2) which ensures that the third line vanishes as
Among odd p, we find that this is satisfied for p = 1 . Noting that
is satisfied by (2,0)-and (0,2)-branes, we find that (4.2) is satisfied by the D1-branes. It is straightforward to see that the fourth line vanishes for the D1-branes. As we will see soon, L spin vanishes for these branes sitting at the origin, and thus we find that noncommutative D1-branes, (0,2) and (2,0), sitting at the origin are 1/2 BPS.
To proceed further, we shall introduce an additional gluing matrix M 0 satisfying
and demand θ = M 0 θ. It satisfies By using the gluing condition θ = M 0 θ , we can derive the following equations: we find the fourth line vanishes for (even,even)-branes.
Next, we examine ω-dependent terms, L spin , which are rewritten as 19) so that the last line vanishes even for p = 3 mod 4 . We note that L spin vanishes under the configuration even outside the origin.
Summarizing, we find 1/4 BPS noncommutative D-branes depicted in Table 2 . (2, When ∀F → 0, 1/4 BPS noncommutative Dp-branes with p = 3 mod 4 are reduced to 1/4 BPS commutative Dp-branes, while 1/4 BPS noncommutative Dp-branes with p = 1 mod 4 become 1/2 BPS commutative Dp-branes because surface terms vanish without M 0 in this limit [12] . We summarize commutative D-branes sitting at the origin in Table   3 . 
Penrose limit
Now let us discuss the Penrose limit [31] of the above branes. The Penrose limit is taken as follows [38] . First let us introduce the light-cone coordinates as
and θ ± = P ± θ ± with P ± = 1 2 Γ + Γ − , and scale as In the subsequent sections, we will discuss noncommutative D-branes in a pp-wave by studying the κ-invariance of a covariant string action on the pp-wave. We will see that This classification is also our new result.
Open pp-wave superstring with a constant two-form
For the pp-wave background supervielbeins are given by [12] 
Here we have introduced several quantities:
In this parametrization, the pp-wave metric becomes the standard form
The WZ action in the case of the pp-wave is given by
The universal feature of κ-variation is
and for the pp-wave case it can be rewritten, at the fourth order of θ , as
where ̺ A and ̺ spin A are defined, respectively, by
It is straightforward to see that
and others vanish.
Under the κ-variation, S NG does not produce a surface term. The surface terms under the κ-variation of S WZ are obtained as
10)
In the next subsection we will examine these surface terms and determine boundary conditions under which these vanish.
1/4 BPS noncommutative D-branes in the pp-wave
In order to determine the boundary conditions for the fermionic variable θ , we shall introduce the gluing matrix M given in (3.21) and demand that θ = M θ in the same way as in the AdS case. Since it satisfies (3.23) , L 0 vanishes.
By using (3.23), L µ can be rewritten as
where we have usedθ
The vanishing condition for the first and the second lines is 
First we examine the first and the the second lines in (5.12). By using the boundary is derived and so they vanish for p = 3 mod 4. For p = 1 mod 4, sincē
and It is straightforward to see that for these branes the fourth line vanishes.
Next we examine L spin , which is rewritten by using (3.23) as
In the presence of F on the D-brane world-volume, the spin connection ̺ , ωĀBΓĀB] = 0 (5.26) as in the AdS case. For − ∈ D, it vanishes as ̺ spin C = 0 only for C = −, so we consider the case with − ∈ N below. The first and the second lines vanish for p = 3 mod 4 due to (5.20) . Even for p = 1 mod 4, they vanish since we derivē
Next we examine the last line, which vanishes when p = 1 mod 4 due to (5.23). For p = 3 mod 4, it vanishes since we derive assuming (5.26) Table 5 : Noncommutative D-branes in the pp-wave
In the commutative limit ∀F → 0, noncommutative D-branes above are reduced to commutative D-branes. Combining the result obtained in the flat limit with that obtained in [12] , we summarize commutative D-branes sitting at the origin of the pp-wave in Table   6 . It would be possible to see that the result shown in this paper is still valid at full order in θ by following our previous paper [13] , though the possible noncommutative D-branes have been classified at fourth order in θ . This issue is more complicated and so we leave it as a future problem. We hope that we could report on this issue in the near future.
It is also interesting to consider the interpretation of our results before taking a nearhorizon limit. According to the work of Skenderis and Taylor [18] , an AdS-brane is surely related to a supersymmetric intersection of D-brane with a stack of N D3-branes. Hence our result may also be interpreted in terms of the intersecting D-branes. In particular, the T-dual picture would be related to an intersecting D-branes at angles [39] . For this direction, it would also be useful to generalize the work [18, 40] by including a constant two-form. There the relation to dCFTs is also discussed. As a generalization of our work, it would be interesting to consider an intersecting AdS D-branes (for an intersecting Dbranes on a pp-wave, see [41] ), though we have discussed a single AdS D-brane here.
As another generalization of our works, it would be interesting to consider oblique Dbranes [42] with gauge field condensates in the pp-wave background as discussed in [43, 44] .
It would also be nice to study the AdS origin of the oblique D-branes by following [45] .
As an interesting application of our procedure, we can consider noncommutative Mbranes. For noncommutative M-branes, the classification of the possible Dirichlet branes is drastically modified and one can see some interesting features. For this subject we will report in other papers soon [46, 47] .
